Abstract. The capacitance between arbitrary two sites (vertices) in infinite triangular and honeycomb networks is studied by using Green's function. Recurrence formulas for capacitance between arbitrary sites of the triangular lattice are obtained. The capacitance for the honeycomb lattice is shown to be expressed in terms of the one for the triangular lattice.
Introduction
In the electrical circuit theory, one of the basic and interesting problems is the determination of the effective resistance in infinite resistor networks. Several techniques have been developed to study this problem, such as superposition of current distribution [1, 2] , random walks [3, 4] , lattice Green's function [5] . The later is the most suitable approach because it can be employed for any infinite perfect lattice structure of resistors [6, 7] and perturbed lattices cases [8] [9] [10] [11] [12] [13] .
Wu [14] considered the problem of two-point resistance for finite lattices. He obtained an expression for the effective resistance between arbitrary two nodes in terms of the eigenvalues and eigenvectors of the real symmetric Laplacian matrix associated with the lattice. Tzeng and Wu [15] later extended the formulation of reference [14] to finite impedance networks. The Laplacian matrix associated with the impedance networks is symmetric matrix and generally complex elements.
Another interesting problem in electrical circuit analysis is the computation of the two-point capacitance in infinite capacitor networks. Based on the lattice Green's function method, some recent studies on the evaluation of two-point capacitance of perfect and perturbed regular lattices were carried out in previous works [16] [17] [18] [19] [20] [21] . The capacitor electrical network can systematically be treated by the Laplacian operator of the difference equations governed by Kirchhoff's first law (conservation of electric charge) and electrical charge/voltage relationship. Then the lattice Green's function corresponding to the discrete Laplacian operator can be related to the capacitance a e-mail: owaidat@ahu.edu.jo between two arbitrary nodes in an infinite capacitor network. The lattice Green's function for the triangular and honeycomb lattices was investigated by Horiguchi [22] . He showed that the lattice Green's function for the triangular lattice is expressed in terms of the complete elliptic integrals of the first and second kind, and for the honeycomb lattice is shown to be expressed in terms of the one for the triangular lattice.
In this paper we apply the lattice Green's function approach [5, 16, 17] to the infinite triangular and honeycomb networks, and determine the capacitance between any two nodes in the networks. Here, we use the orthogonal Cartesian coordinates system [22] (one axis is horizontal and other is vertical as shown in Figs. 1 and 2 ), instead of a triangle coordinate system that usually used in the triangle lattice analysis. The advantages of the orthogonal Cartesian coordinates system used in this paper are: (i) Some recurrence formulas for capacitances are derived from that for the lattice Green's function derived by Horiguchi [22] . With the aid of that formulas one can calculate the effective capacitance between the origin and arbitrary lattice site. (ii) It is easier to follow for triangular lattice compared to other coordinate systems.
The paper is arranged as follows. In Section 2, the two point capacitance function for an infinite triangular lattice is studied and some recurrence formulas for capacitances are obtained. In Section 3, the two point capacitance functions for an infinite honeycomb lattice are presented. A mapping between the capacitance of honeycomb network and that of triangular network is shown. A brief conclusion is given in Section 4.
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Infinite triangular capacitor network
Consider an infinite triangular lattice of equal capacitances C as shown in Figure 1 . Let r = a + mb be the lattice site: a is the horizontal axis and mb is the vertical axis, where + m is an even integer. If the nearest neighbor distance is chosen to be equal 1, then a = 2 . Following the references [5, 16, 17] , we evaluate the effective capacitance between the sites r 1 and r 2 . Assume that a charge Q enters at r 1 from a source outside the lattice and leaves at r 2 . Thus, the charge distribution at site r can be written as:
Let the electric potential at site r is denoted by V (r). According to Kirchhoff's first rule and electrical charge/voltage relationship, we have:
where
Assuming periodic boundary conditions, the potential and charge are given in terms of their Fourier transforms as: (4) where k is the wavevector in the Fourier space and is limited to the first Brillouin zone [23] [24] [25] [26] and A 0 = ab is area of the unit cell, the Brillouin zone is a rectangle with sides 2π/a and 2π/b along the directions of a and b, respectively, and dk = dk a dk b . Using equations (3) and (4) in (2) gives:
where L(k) is the Fourier transform of the triangular Laplacian operator L(r), given by:
The lattice Green's function can be given by its Fourier transform as:
where G(k) is defined by:
.
(8) The capacitance between the sites r 1 and r 2 is given by the ratio:
Using equations (1), (3), (5), (7) and (9), writing r 2 − r 1 = a + mb and changing the variables k · a = θ 1 , k · b = θ 2 , the Green's function for the triangular lattice and the capacitance between the origin and node ( , m) can be obtained as:
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The two-point capacitance of infinite triangular and honeycomb networks
From the symmetry of the network: C(±1, ±1) = C(±2, 0), one can easily obtain the capacitance between nearest neighbor points, the result is C(±1, ±1) = C(±2, 0) = 3C.
In general the capacitance between the origin and any lattice point ( , m) can be evaluated numerically from equation (11) . It is shown in Appendix A, the capacitance C( , 0) along a axis can be calculated analytically as: see equation (12) at the bottom of this page.
It is simple to evaluate this integral for a given . Several analytical examples are given below: Example 1. The effective capacitance between the sites (0, 0) and (4, 0) is computed from equation (12) as:
Example 2. The capacitance between (0, 0) and (8, 0) is calculated to be:
Example 3. The capacitance C(10, 0) is given by:
see equation (15) at the bottom of this page.
From the lattice symmetry the capacitance is unchanged under the rotation by an angle nπ/3, n = 1, 2, 3, 4, 5 of the coordinate axes around the origin (see Fig. 1 ):
and under the inversion on the a axes and mb axes:
Using equation (16a) for n = 5, the capacitance C( a, mb) for mb > 3 a can be written in terms of the capacitance for mb < 3 a as follows:
Thus, one can only determine the capacitances between the origin and unfilled lattice points shown in Figure 1 . The lattice Green's function for the triangular lattice with the nearest interaction is given by [22] :
Comparing equation (11) with (18), we have:
In reference [22] , Horiguchi showed that if t is real and t > 3, the lattice Green's functions G(t, , 0) for = 0, 2 can be expressed in terms of the complete elliptic integrals of the first kind:
and K(k) is the complete elliptic integral of the first kind:
Substituting equations (20a) and (20b) into (19) (with t = 3), again the capacitance between adjacent lattice points is C(2, 0) = 3C. 
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Recurrence formulas
Horiguchi [22] obtained the recurrence formulas for the Green's function G(t; , m) for an infinite triangular lattice. Using these results with equation (19), we obtain the following recurrence formulas for the capacitance:
where is even and greater than or equal to 2.
where ≥ 4 and is odd or even integer depend on m, and m ≥ 2. Using equation (17) , C( , m) for m > 3 can be expressed in terms of the capacitance form < 3 :
For = m, the above equation becomes:
Knowing the exact values of C(0, 0) = ∞, C(2, 0) and C(4, 0), the two -node capacitance can be computed exactly by using the above recurrence relations. Some results are listed in Table 1 .
Infinite honeycomb capacitor network
In this section, we follow reference [5] to calculate the capacitance in an infinite honeycomb network of identical capacitances C. The unit cell of the honeycomb network has two lattice sites labeled by α = 1, 2 as shown in Figure 2 . We assume that the lattice site 1 is at the origin, and then the position of a unit cell can be specified by the position vector r = a + mb, where a is the horizontal axis and mb is the vertical axis and + m is an even integer. If the nearest neighbor distance is chosen to be equal 2, then a = √ 3 and b = 1. Let the potentials and the charges at site r in each unit cell are denoted by V α (r) and Q α (r) (with α = 1, 2), respectively. According to Kirchhoff's first rule and electrical charge/voltage relationship, the charges Q 1 (r) and Q 2 (r) at site r are given by:
Again the general expressions for the inverse Fourier transforms of the potentials and charges are given by:
Thus, using the above equations, equations (24a) and (24b) can be written as:
where L(k)(2 by 2 matrix) is Fourier transform of Laplacian matrix of the honeycomb network:
see equation (27) in the next page.
As usual the Green's function G(k) can be calculated by inverting L(k) to be:
The two-point capacitance of infinite triangular and honeycomb networks 
where D(k) = 2(3 − cos 2ka − 2 cos ka cos 3kb) is the determinant of matrix L(k). Thus, equation (26) becomes
Since the unit cell contains two lattice sites numbered by 1 and 2, there are four kinds of capacitances between any two sites r 1 and r 2 :
and C 22 (r 1 , r 2 ). From the lattice symmetry, C 22 (r 1 , r 2 ) = C 11 (r 1 , r 2 ) and C 21 (r 1 , r 2 ) = C 12 (r 2 , r 1 ).
To calculate the capacitance between the same kind of sites 1 and 1, C 11 (r 1 , r 2 ), the charge distributions at sites 1 and 2 at r are:
The capacitance between the same kind of sites 1 and 1 is given by:
Using equations (25a), (25b), (29) and (30), after writing r 2 − r 1 = a + mb and changing the variables k · a = θ 1 , k · b = θ 2 , the capacitance between the origin and node ( , m) is given by:
. (32) Now, to calculate the capacitance between the different kinds of vertices 1 and 2, C 12 (r 1 , r 2 ), the charge distributions at sites 1 and 2 at r are:
The capacitance between 1, 2-type points, C 12 (r 1 , r 2 ) is given by:
Following the same procedures of C 11 (r 1 , r 2 ), the capacitance C 12 (r 1 , r 2 ) can be obtained as: The equivalent capacitance between first neighbors nodes (the capacitance between point 1 at (0, 0) and 2 at (0, 0)) 
It is well known in the literature the honeycomb lattice is the dual lattice of a triangular lattice. Therefore, the capacitances C 11 ( , m) and C 12 ( , m) for the honeycomb lattice can be expressed in terms of the capacitances for the triangular lattice: 
10102-p5
For derivation these results we have substituted θ 2 = θ 2 /3 into equations (32) and (35) then we have used the following integration property:
Thus, from equations (37) and (38) the two-point capacitances on the honeycomb network are obtained from the knowledge of the one on the triangular lattice. Some results are given in Table 2 .
Conclusion
In this paper using the lattice Green's function method [5, 16, 17] we calculated the capacitance for the infinite triangular and honeycomb networks lattices of identical capacitors. The orthogonal Cartesian coordinates system is used instead of a triangle coordinate system. We derived recurrence relations for the capacitance of a triangular lattice. We derived explicit expressions for the capacitances between two arbitrary lattice points in honeycomb lattice in terms of the capacitances on a triangular lattice.
